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Abstract 

Meta-centralizers of non-locally compact group algebras are stud- 
ied. Theorems about their representations with the help of families of 
generalized measures are proved. Isomorphisms of group algebras are 
investigated in relation with meta-centralizers. 



[Q 1 Introduction. 

Q ! Locally compact group algebras are rather well investigated and play very 

m I important role in mathematics [10, 12, 24, 14, 16]. Left centralizers of lo- 

cally compact group algebras were studied in [27]. In all those works Haar 
measures on locally compact groups were used. Haar measures are invariant 
/\ . or quasi-invariant relative to left or right shifts of the entire locally compact 

d '. group [6, 10, 12, 24]. According to the A.Weil theorem if a topological group 

has a non-trivial borelian measure quasi-invariant relative to left or right 
shifts of the entire group, then it is locally compact. 
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On the other hand, the theory of non locally compact groups and their 
representations differ drastically from that of the locally compact case (see 
[2, 3, 11, 18, 19, 21] and references therein). Measures on non locally compact 
groups quasi-invariant relative to proper dense subgroups were constructed 
in [4, 7, 8, 18, 19, 20, 21, 23]. 

This article continues investigations of non locally compact group alge- 
bras [17, 19, 22]. The present paper is devoted to centralizers of non-locally 
compact group algebras, which are substantially different from that of locally 
compact groups. Their definition in the non locally compact groups setting 
is rather specific and they are already called meta-centralizers. Theorems 
about their representations with the help of families of generalized measures 
are proved. Isomorphisms of group algebras are investigated in relation with 
meta-centralizers. The main results of this paper are Theorems 8-10 and 14. 
They are obtained for the first time. 

Henceforth definitions and notations of [17] are used. 

2 Group algebra 

To avoid misunderstandings we first present our definitions and notations. 

1. Definition. Let A be a directed set and let {Ga : a G A} be a family 
of topological groups with completely regular (i.e. Ti fl T31) topologies r^ 
satisfying the following restrictions: 

(1) 0^ : Gi3 ^ Ga is a continuous algebraic embedding, 0^{Gi3) is a proper 
subgroup in Ga for each a < /3 E A; 

(2) Ta n e^{G,3) C e^{T,3) and 9^{G(s) is dense in G^ for each a < (3 e A; 
then {0^)~^ : O^iGp^Tp) — )■ {Gp^Tp) is considered as the continuous homo- 
morphism; 

(3) Ga is complete relative to the left uniformity with entourages of the 
diagonal of the form U = {{h,g) : h,g E Ga', h~^g G U} with neighborhoods 
U of the unit element e^ in Ga, U E Ta, Ca E U; 

(4) for each a G A with (3 = (f){a) the embedding 9^ : (G/3, rg) M> {Ga, Ta) 
is precompact, that is by our definition for every open set U in G/3 containing 
the unit element ep a neighborhood l^ G r^ of ep exists so that V C U and 
9^(y) is precompact in Ga, i.e. its closure d{9^(y)) in Ga is compact, where 
: A — )■ A is an increasing marked mapping. 



2. Conditions. Henceforward it is supposed tliat Conditions (1 —5) are 
satisfied: 

(1) fia '■ B{Ga) -^ [0, 1] is a probability measure on the Borel a-algebra 
B{Ga) of a group Ga from §1 with HaiGa) = 1 so that 

(2) jict is quasi-invariant relative to the right and left shifts on /;, G O^i^Gp) 
for each a < /3 e A, where pl^{h,g) = {p'^){dg) / p{dg) and p^^^{h,g) = 
{Pa,h){dg)/fi{dg) denote quasi-invariance /i^-integrable factors, p^iS) = n{Sh~ 
and fia,h{S) = jiaih^^S) for each Borel subset S in Ga] 

(3) a density ipa{,g) = Pa{dg~^) / fiaidg) relative to the inversion exists 
and it is /ia-integrable; 

(4) a subset Wa G A{Ga) exists such that p^^^{h,g) and p^^^{h,g) are 
continuous on 6'^(G/3) x Wa and ipa{g) is continuous on Wa with PaiWa) = 1 
for each a E A with /3 = (f){a); 

(5) each measure pa is Borel regular and radonian, 

where the completion of B{Ga) by all /Xa-zero sets is denoted by A{Ga)- 

3. Notation. Denote by Lq (Ga, Pa,F) a subspace in L^{Ga, Pa,F), 
which is the completion of the linear space L^{Ga, F) of all (/io-measurable) 
simple functions 

n 

where bj G F, Bj G A{Ga), Bj fl fi^ = for each j ^ /c, xb denotes 
the characteristic function of a subset -B, Xb(^) = 1 for each x E B and 
X-b(2^) = for every x G Gq, \ -B, n G N, where F = R or F = C. A norm 
on Lq (Ga) is by our definition given by the formula: 

(1) II/IIlI, (G.) ■= sup ||A||l1(G.) < OO, 

where fh{,g) '■= f{h^^g) for h,g E Ga, L^{Ga, Pa,F) is the usual Banach 
space of all /i^-measurable functions u : Ga -^ F such that 



(2) I|m||li(g«) = / \u{g)\ Pa{dg) < OO. 

Suppose that 

(3) : A — !■ A is an increasing mapping, a < (f){a) for each a G A. We 
consider the space 



(4) L^{Lh^{G^,fi^,F) : a < f3 e A) := {f = iU : a e A); U e 
LGpiGa,fia,F) for each a E A; ||/||oo := sup^g^ ll/alUj, (Gc) < ^^ where 

/3 = 0(«)}. 

When measures fj,a are specified, spaces are denoted shortly by Lq {Ga, F) 

and L°^(LJj^(G'q,,F) : a < (5 e A) respectively. 

4. Definition. Let the algebra £ := L°^(Ljj^(G„,/ia, F) : a < /3 e A) 
be supplied with the multiplication f^u = w such that 

(1) Wa{g) = {f^iua){g) = / fi3{h)uc,{9l{K)g)^p{dh) 

JGp 

for every f,uES and g E G = HaeA Ga, where F = RorF = C, /3 = 0(q;), 
a G A. 

If a bounded linear transformation T : S ^ S satisfies Conditions (2, 3): 

(2) Tf = {TJa : a e A), T, : Li,^(G',,/i,, F) ^ ^^.^(G,,/!,, F) for each 
a e A, 

(3) TUiu) = fHTu) 

for each f,u E S, then T is called a left meta-centralizer. 

5. Definitions. Let X be a topological space, let C{X, R) be the space 
of all continuous functions / : X — )■ R, while C;,(X, R) be the space of all 
bounded continuous functions with the norm 

(1) 11/11 ■.= snp,^x\fix)\ <oo. 

Suppose that J-' is the least o"-algebra on X containing the algebra Z of all 
functionally closed subsets A = /^^(O), / G Cfe(X, R). A finitely additive 
non-negative mapping m : J-" — )■ [0, oo) such that 

(2) m{A) = sup{m(fi) : B e Z,B C A} 

for each A G J-" is called (a finitely additive) measure. A generalized measure 
is the difference of two measures. Denote by M{X) = M{X, R) the family 
of all generalized (finitely additive) measures. 

For short "generalized" may be omitted, when m is considered with values 
in R. 

6. Theorem (A.D. Alexandroff [26]). M{X) is the topologically dual 
space to Cb{X,Il), that is for each bounded linear functional J on C{,(X, R) 
there exists a unique generalized (finitely additive) measure m G M{X) such 
that 

(1) J(/) = Jx fdm for each f G ^(X, R), 



each measure m G M[X) defines a unique continuous linear functional 
by Formula (1). Moreover, 
(2) ||J|| = ||m||. 

7. Definitions. A bounded linear functional J on Cb{X, R) is called 
(T-smooth, if 

(l)lim„J(/„) = 
for each sequence /„ in Cb(X, R) such that < fn+i{x) < fn{x) and 
lini„/„(x) = for each point x & X. The linear space of all a-smooth 
linear functionals is denoted by Mo-(X) = Mo-(X, R). 

A bounded linear functional J on Cb{X, R) is called tight, if Formula (1) 
is fulfilled for each net fa in Cb{X, R) such that ||/a|| < 1 for each a and fa 
tends to zero uniformly on each compact subset K in X. The space of all 
tight linear functionals is denoted by Mt{X) = Mt{X, R). 

If mi,m2 G M{X), then m = rrii + im2 is a complex- valued measure, 
their corresponding spaces are denoted by M(X, C), Mo-(X, C) = M^{X) + 
iM^{X) and Mt{X, C) = Mt{X) + iMt{X). 

8. Theorem. Let S be a real F = R or complex F = C algebra (see 
^4), let also T be a left meta- centralizer on S. Then there exists a family 
V = {va '■ <y E A) of generalized F-valued measures Va on Ga of bounded 
variation such that 

(1) Tf = uif , where 

(2) {TafaM = {ly^ifaM = j Vp{dh)fM{h)g) 

for each a G A and g G Ga with /3 = (f){a). 

Proof. For each /3 G A and a neutral element Cj^ G G/j we consider a 
basis of its neighborhoods {K,/3 : a G "^j^} such that clG^0^{Va^i3) is compact 
in {Ga,Ta), where \l//3 is a set, clxA denotes the closure of a set A in a 
topological space X. The set \&^ is directed by the inclusion: a < 6 G \l//3 if 
and only if Vb,f} C Va,f}. 

There is a natural continuous linear restriction mapping py : Cb{U, F) — )■ 
Gbiy, F) for each closed subsets U and V in G/j such that V C U, where 
Pvif) = /lv for each / G Gb{U, F). At the same time, if U is compact, then 
each continuous bounded function gonV with values in F has a continuous 
extension TTuig) on U with values in F such that 

||5'||c6(y,F) < \\'^ui9)\\ci{u,F) < 2\\g\\ci{v,F) 



due to Tietze-Uryson Theorem 2.1.8 [9], since Gf^ is Tq and hence completely 
regular by Theorem 8.4 [12] and each Huasdorff compact space is normal by 
Theorems 5.1.1 and 5.1.5 [9]. Thus there exists a linear continuous embedding 
7r^:C!,iV,F)^C,iU,F). 

The probability measure /x^ on Gjs is Borel regular and radonian hence 
there exists a a-compact subset Xj3 in Gj3 such that np^Xp) = 1, i.e. X^ is 
the countable union of compact subsets X^,n in {Gp, Tp) with Xp^n C Xp^n+i 
for each natural number n. 

We put 

(3) ga,/3 := XVa,p/^^p{Va,p), 

where xa denotes the characteristic function of a subset A in G/?, Xa{x) = 1 
for each x & A while Xa{x) = for each x ^ A. In view of Proposition 17.7 
[19] (see also Lemma 13 [17]) the net {qa,i3 '■ a G "^p} is an approximation of 
the identity relative to the convolution: 

(4) \imaqa,(3*fa = fa 

for each fa € Lq {Ga, fia,F). From Formulas (2,4) and 4(1 — 3) it follows 
that 

(5) Tafa = Ta[limqa,p*fa] = limqa,i3*[Tafa]- 

'-a a 

Then qa,i3*[Ta-] : Lq (Ga) — )■ Lq (Go) is a continuous hnear operator for 
each a G \E'/3 and a E A, particularly, for each /„ in the space Gb{Ga, F) of 
all bounded continuous functions on G^ with values in the field F, where 

(6) WfaWc, ■■= SUp^gG„ \fM\ < OO 

for each /„ G Gb{Ga,F). The restriction of each /„ G Cb{Ga,F) on O^iGp) 
is bounded and continuous, while Cb(G'/3,F) is dense in Lq {Gp^jip^F) with 
7 = 0(/3) (see also Lemma 17.8 and Proposition 17.9 [19]). 

This implies that an adjoint operator B = T* exists relative to the * 
multiplication according to the formula: 

(7) {v^i[Tja]){x) = f vp{h)[TaU{ei{h)x)^xp{dh) 

Gfi 

for each v, f E S, where x G Ga, z denotes the complex conjugated number 
of 2; G C. The operator B^ is bounded and linear from L]q [Gfi) into itself. 



since from Formula (7) the estimate follows: 

(8) \\B(s\\ < sup 

aft 



< \\Ta\\ < OO. 



/g„ Ig^ vp{sh)[TJa\{Oi{h)tx)^ip{dh)^i^{dx)\ 



hA\L\^^(Gp)\\fa\\Ll^{G^) 

The family of bounded linear operators {(-B/jga,/?)* : a G ^13} from 
Lq (Go) into Lq (Ga) is pointwise bounded and hence by the Banach- 
Steinhaus Theorem (11.6.1) [25] it is uniformly bounded: 

(51) sup \\{B,3qa,f3)*\\ < 00. 

Therefore inequality (8) leads to the conclusion that B^qa^i^ =: ha^p G Lq {Gjs, /i/3, F) 
for every a G \E'/3 and /3 G A. Each function /i^^^ induces the linear functional 



(9) Fa,i3igi3) ■■= / gf3{x)ha,i3ix)lJ,,3{dx). 
JGfi 

Without loss of generality we choose \4,/3 such that c/gqKi,/3 is compact 
in {Ga^Ta) for each a G ^fj. Certainly, if / G Lq {Gp, fj,i3,F), then / G 
L^{Gj3, jij3^ F) and 

(10) ||/|Ui(G^,^^,F) < ||/||lj,^(g^,m^,f) < 00. 

There is the embedding Cfe(G'^,F) C Lq {Gi3,fii3,F) and 

(11) II/IIlJj^(G^,m^,F) < ||/||C6(G^,F) < 00 

for each / G Cb^Gp, F), since /^^ is the probability measure on G/^. 

If / G Lq (G/j), then s 1— )■ f*s is a continuous linear operator from 
Cb{Gj3,F) into Cfe(G^,F). This follows from the formulas: 

(12) {fis){g) = f f{h)s{hg)f,^{dh), 

JGp 

where g G G/j and 

snp\{r*s){g)\ < Pile, / \f{h)Mdh) < ||s||cJ|/IUi(G,) < PIIgJI/IIlJ, (g,)- 

g JGr ^ 



It remains to verify that the function {f*s){g) is continuous for each / and 
s as just above. For the proof consider the term 

(13) \{fis)ig,) - if~*s)ig,)\ = \ f f{h)[s{hg^) - s{hg,)]fifs{dh)\. 



jGfj 

From / G L}q (G/^) and s G Cb{Gp, F) it follows that for each e > there 
exists a compact subset V in G/? such that !gr\v \f{h)\f^i3{dh) < e and hence 
lG^\v\fW[sihgi) - s{hg2)]\fip{dh) < 5, where < 5 = e2\\s\\c,- Indeed, 
for each 6 > there exists a simple function q G Lq {Gp) such that ||/ — 
Q'IIli (g«) < ^ ^''^d hence the measure \f{h)\iJiii{dh) is radonian together with 
\q{h)\(xi3{dh). At the same time, certainly, jy \f{h)\fip{dh) < \\f\\L^Gp)■ 

On the other hand, [s{hgi) — s{hg2)] is uniformly continuous on V by the 
variable h, since V is compact and s is the continuous function. For each 
symmetric open neighborhood U = U~^ of the neutral element e^ in Gfi there 
exists a finite family of elements pi, ...,Pn ^ Gp such that V C pi[/U...Up„f/, 
since V is compact. Thus VU C pif/^ U ... U p„f/^. Consider a family of 
symmetric open neighborhoods Uk = U^^ of ep such that {pkUk : A; G w} is 
a covering of V and |s(/i(7i) — s{hg2)\ < e for each h G p^f^fc and gi,g2 G t^fc, 
where p^ G G/? for each /c, whilst u is an ordinal. The covering PkUk of l^ 
has a finite subcovering for k G M, where M is a finite subset in u. Thus for 
each e > there exists a symmetric neighborhood U C flfceM Uk of e^ such 
that \s{hgi) — s{hg2)\ < e for each h eV and gi,g2 G f/. Therefore, 

l(/*s)((?i) - {f*s){g2)\ < S + 6||/|U. = 6(||/|Ui + 2||s||c.J 

for each gi,g2 G f/. Thus 

(14) fis G a(G/3,F) for each / G L^^(G';3,F) and s G ^(G'^^.F). 
This implies that 

(15) C,iGfs,F) 3 s ^ ir*s)ieis) eF 

is the continuous linear functional on Ci,{Gp^ F). In particular each operator 
{Bpqa^p)* indices the continuous linear functional 

(16) JaA^) = [(5/3?a,/3)Ss](e^) OU Gfe(G^,F). 

There are the inclusions Mt{X) C M„{X) C M(X) (see §1.4 [26] and 
Definitions 5, 7 and Theorem 6 above) and for X = Gp in particular. On 
the other hand, each Wa^pi^dx) := {B pqa^i3){x) ji ^{dx) is the radonian measure 
on Gp, i.e. belongs to the space Mt{Gp, F) of radonian measures on G^. 



Let <l>/3 be a family of all left-invariant pseudo- metrics on (G^, r^j) pro- 
viding its left uniformity denoted by £/3 (see §8.1.7 [9] and Condition 1(3)). 
This means that each k G $/? satisfies the restrictions: 

(PI) «:(x,i/)>0, 

(P2) k{x,x) = 0, 

(P3) K.{x,y) = K.{y,x), 

(P4) k{x, y) < K,{x, z) + k{z, y) 

(P5) k{zx, zy) = k{x, y) for each x,y,z G Gfj. 

The family $^ is directed: /ti < /t G $/3 if and only if K,i{x,y) < K,{x,y) 
for each x,y E Gp; without loss of generality for each /t, /ti G ^p there 
exists K2 G $/3 such that k < k,2 and /ti < /t2, since k + ki G $/3. Each 
pseudo-metric k G $/3 defines the equivalence relation: xS^?/ if and only if 
n{x,y) = 0. Then as the uniform space {Gi3,Ci3) has the projective limit 
decomposition (i.e. the limit of the inverse mapping system) 

G'^ = lim{G'^,^,<,$^}, 

where G/j^k := Gp/'E^ denotes the quotient uniform space with the quotient 
uniformly, vr^ is a uniformly continuous mapping from Gp onto G/3,k, tt^ are 
uniformly continuous mappings from G/3,k onto Gp^^j for each u < k & '^ p 
such that TT^ o TT^ = ttI" and tt^ = tt^ o tTk for each ^ < a; < /t G ^/s (see 
§§8.2.B, 2.5.F and Proposition 2.4.2 [9] or [13]). Moreover, the equality is 
satisfied: {y E Gp : x'E^y} = xQ^^^ with Q/s^^ := {y e Gp : ep'E^y}, since 
k{x, y) = if and only if Ki^ep, x~^y) = by Property (P5), where ep denotes 
the neutral element in the group Gp. That is, Gp^^ is called the homogeneous 
quotient uniform space. 

At the same time the o"-compact subset Xp is dense in G^, since fi/^iU) > 
for each open subset U in Gjs, but jipi^Xp) = Hi^iGis) = 1 (see the proof 
above). Therefore, tTi^IX^) is dense in Gjs^^- Then TT^lX/^^n) is compact for 
each K G $/3 as the continuous image of the compact space according to 
Theorem 3.1.10 [9], consequently, 7r«;(X^) = U^i7rK(X^^„) is a-compact. On 
the other hand, G/3,«; is metrizable and complete, since (G/?, £/?) is complete. 
Therefore, the topological space Tif^^X/s) is separable, since each vrK(X^,n) is 
separable by Theorems 4.3.5 and 4.3.27 [9] and TTf^^X/s) = U^i'?'"K(-'^/3,n)- 
This implies that each metrizable space Gjs^^ is separable and complete. 

The spaces GhiGp, F) and CliGp, F) form the dual pair (see §§9.1 and 9.2 
[25]). Then we get that the space of bounded continuous functions Gbi^Gp, F) 



has the inductive hmit representation Cfe(G/3,F) = ind — hm$^ Cfe(G'/3,K, F), 
while its topologically dual space has the projective limit decomposition 
Cl{Gp,Y) = pr -\im^^C;{G[s,^,F) (see §§9.4, 9.9, 12.2, 12.202 [25] and 
also the note after Theorem 2.5.14 in [9]). This implies that z/^ G M(G^,F) 
if and only if 

(Ml) z/^ = lim{z/;3,«,<,<l>/3}, 

where z//3,k G M(G^^k, F) for each /t G $/3 so that 

(M2) M^Z\C)) = u^AC) and ly^AiKr'iC)) = vp,.{C) 

for every C G BiGp^ui) and a; < k G ^p. 

Then we consider the measure net {Wa,/3,K : a G \E'/3} for each /t G $/3 cor- 
responding to measures Wa^js^dx) = {Bjsqa^i3){x)fii3{dx) according to Formula 
(M2), where a; G G/3. Since the measure Wa^p^dx) is absolutely continuous 
relative to the radonian measure /x^, then Wa,i3 is also radonian. Therefore, 
there is the inclusion {wa,j3,K '■ ^ ^ ^13} C Mt(G^K5F) and it is known that 
Mi(F, F) C M„{Y,¥) C M(F, F) for a completely regular topological space 
Y . Thus the measure net {wa,/3 '■ 0, G \E'/3} weakly converges to some measure 
vp in M(G^,F) if and only if the net {wa,i3,K '■ ^ ^ ^/j} weakly converges in 
M{Gfs^K, F) for each /t G $/3 according to Theorem 2.5.6 and Corollary 2.5.7 
[9]. The net {Wa,i3 : a G \E'/3} is norm bounded, since 

= sup{||ga,^S(T„/„)||ii^^(Gj : U e L^^^iGa), Wfahj^^^iC^) < 1} < 



< ||T„|| < oo, since 



\\Ul3*gc\\L}j (Go,) < lkllLi(G^)llfi'"llLj; (G„) 

for each u G L^(G^) and ga G Lq (Ga) (see Lemma 17.2 [19]). This implies 
that for each e > and /t G $/3 there exists a compact set i^^.K in Gjs^^ such 
that Wa,i3,K{Gi3^K \ -^e^) < ^ ^^^^ ^^"^^ ^ ^ ^/9' siuce /i^^K as the image of /i^ is 
the radonian measure on the complete separable metric space G/3 ^ and each 
measure Wa^i3,K is absolutely continuous relative to /i/3_«; (see also Theorem 1.2 
[7] and Formulas (M1,M2)). 
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Applying Theorems either 11.24 and 11.27 or 11.30 [26] we get that a 
measure i//3,K G M„{Gi3^k,F) exists such that the net Wa,i3,K weakly converges 
to z/^^K for each /3 G A and k, G $/?. Thus using Formulas (Ml, M2) we have 
deduced that 

(17) limJ,,^(/)= / fdup 

for each / G Cfe(G'^,F). The variation of Vj^ is finite and M(G^,F) is the 
Banach space relative to the variation norm according to Theorems 1.2 and 
1.3 [26]. 

Let X G ChiGji, F) and y G ChiG^, F), we consider the function 



z{g) = / yih)x{e}{h)g)fi^{dh). 



G. 



It evidently exists and is /i^-measurable, since fi^{G^) = 1, consequently, 



sup I / y{h)x{ej{h)g)fi^{dh)\ < \\y\\ci(G-,,F)\\x\\cUG^,F)- 

g&Gfi JG^ 

Moreover, z G Cb(G'/3,F) C L^ (G^) due to the latter inequality and Prop- 
erties (11, 14) (see above). Since Uf^ is the weak hmit of the net Ja,ii, then for 
each e > there exists 6 G \t'/3 such that 



(19) 1/ z{g)vp{dg)- z{g){Bpqa^p){g)iip{dg)\ < e 

for each a > b. In view of the Fubini theorem the latter inequality implies 

that 

(20) I / yih)fi^idh) [ xi9jih)g)iy^idg)- 

y{h)fx^{dh) / x{9}{h)g){B/3qa,f})ig)fi/3idg)\ < e 

JGp 

for each a > b. Therefore, T^x^g) = (z/^*a;)((?) for each x G Gb{Gj3,F) fl 
[i€y\CbiGc,,F))] and g G G,^- If fa e CbiGa,F), then its restriction 
fa\0i3tQ \ is continuous and bounded, that is fa o (0^)^^ is continuous and 
bounded on {Gp, T/j) due to 1(2). Moreover, the function ipg{h) := fa{0^{h)g) 
is continuous and bounded by /i G G/j for each g G G^- Hence 

(21) (z/^S^,)(s) = / fM{hs)g)vp{dh) = [u^ifaMis)9) 

JGjj 

11 



is defined for eacli s G Gf^ and g G Ga, particularly for 5 = 6/3. 

By the conditions of this theorem T^ : Lq (Ga) -^ Lq (Ga) is the contin- 
uous linear operator. There is also the inclusion Cb{Ga, F) C Lq {Ga, fJ^a, F) 
so that Cb{Ga,F) is dense in Lq (Ga, fia,F), since fia{Xa) = f^a{Ga) = 1 
with the (T-compact subset Xa in Ga (see also Lemma 17.8 and Proposition 
17.9 [19] and Property (14) above). Let fa G Lq (Ga, fJ'a,F) and we take 
any sequence of bounded continuous functions /q, „ G Gh(^Ga, F) converging 
to /„ in Ll;^{Ga,fta,F). We have 

(22) \im{Bpqa,i3)*fa,n = fa and lim/o,„ = fa 
in Ll;^{Ga,fJ^a,F). Then 

(23) \\{Bpqa,i3)*fa,n - (5/3gb,/3)*/a,m|| LJ, {G„) < 
||(5/3ga,/3 - B,3qb,l3)*fa,n\\L}j (G„) + || (^/^^i./^)* || || /a,n " /a.mHiJj (G,,), 

consequently, for each e > there exist Qq G \1'/3 and no G N such that 

(24) \\{B,3qa,fs)*fa,n - {B,3qb,l3)*fa,m\\L^^, (G„) < £ 



/3 



for each a,b > ag and n, -m > tiq (see Lemma 17.2 and Proposition 17.7 
[19] and Formula (-B1) above). That is the net {{Bf^qa,i3)*fa,n '■ (a, n)} is 
fundamental (i.e. of the Cauchy type) in the Banach space Lq (Ga), where 
(a, n) < {b, m) ii a < b and n < m. Therefore the limit exists 

(25) Tafa = lim{Bi3qa,p)*fa,n = lim\im{Bpqa,i3)*fa,n = limup*fa,n = I'p^fa- 

Thus 

Tafa = l^lS*fa 

for each fa G Lq (Ga) as well, that is. Formulas (1, 2) are fulfilled. 

9. Theorem. Let suppositions of Theorem 8 be satisfies. Then the 
statement of Theorem 8 is equivalent to the following: 

(1) relative to the strong operator topology the set of all convolution op- 
erators of the form 5(1,2) on S := L^{Lq {Ga, fia,F) : a < /3 G A) with 
values in S is a closed subset of the ring of all bounded linear operators from 
£ into £ . 

12 



Proof. (8^9). Let //«,/?* be a net of convolution operators converging 
to an operator T^ : Lq (Ga) — )■ Lq (Gq) in the strong operator topology for 
each a G A, hence T is the left meta-centralizer on £, since each operator 
{i'a,i3* '■ a € A, /3 = 0(q;)} is the left meta-centralizer. 

(9^8). From the proof of Theorem 8 we analogously get 

Tafa = lim l^a,l3*fa 

for each a G A and /„ G Lq {Ga,fia,F) with (3 = 0(a), where h'a,i3 ^ 
M(G/3,F) for each /3 G A and a E "^13 consequently, T = (T^ : a) is the 
convolution operator. 

10. Theorem. Let S be a bounded linear mapping of S (see ^4) '^''^to 
itself such that Sf = {Safa : a G A) with Sa '■ Lq (Gq,) — )> Lq (Go) for 
each a G A with (5 = (f){a). Then the following statements (i) and (ii) are 
equivalent: 

(i) an operator S has the form 

(1) S = pUa for some marked elements a E G := HaeA Ga and p = {pa '■ 
|pa| = 1 Va G A} G F"^, that is 

(2) Safa{x) = PaUapfa{x) for any a G A with (3 = (p{a) and each x G Ga, 
where 

(3) Ugpfaix) = fa{0i{9fi)x) for cach Qn G Gp and x G G^; 
{ii) (4) S is a left meta-centralizer and 

(5) \\Safa\\ = II /a II for cvcry fa G Ll;^{Ga) and a G A with (5 = 0(a). 

Proof. The F-linear span of the set of all non-negative functions / G 
Lq {Ga, fia,F) is dense in Lq {Ga, fia,F). Therefore, each bounded linear 
operator 5*0, can be written in the form Sa = Si^a+iS2,a = Si^a~ Si^a+'^S2^a~ 
iS2^ai where 5*^0,/ > and S'^af > for A; = 1, 2 and each / G Pa, Sk,a = 
^k,a ~ ^k,ay where Pa denotes the cone of functions in Lq (Ga, fJ'a,F) non- 
negative /iQ,-almost everywhere on Ga- Certainly over the real field additives 
S2a vanish. In view of Theorem 11 [17] there exist a^ E G and p^ = {p^a • 
Pka > Va G A} G R^ such that S^afa{x) = Pka^a+ fa{x) and analogously 

for S'^a fo^ sach k = 1,2. 

Suppose that a^. 7^ af for some t,s E {+, — } and k,l E {I, 2}, then there 
exists a G A such that a^^^ 7^ afj^ with (3 = 0(a). On the other hand, we 
have Sk,afa = S^Ja - S^J'a = vtafa{Oi{at^p)x) - PkJc.{Oi{ak^p)x) for 
each fa G L}. {Ga, ^la,^), since /„ = [f^a - /la] + i[fta - /2Ta] > where 



13 



fk,ai^) = max{fk,aix),0) for every /c = 1, 2 and a; G G^, fk,aJk,a ^ ^a- 
Then if U is an open subset in Ga such that 9^{alij)Un9^{ajf^)U = for every 

kj = 1, 2 and t,sG {+,-}, then \\SaXu\\ = El=iEte{+,-}{\PkJ\\Ual^^Xu\\)- 
If the interior of the intersection n|^j^ nte{+~} (^f (c^fc,/?)^) i^ non-void, then 
\\SaXu\\ < Y:l=iEte{+,~}{\pi,a\\\Uai^Xu\\), siuce ^a{V) > for each open 
subset V in Ga, consequently, Sa is not an isometry. 

Therefore, if S satisfies Conditions m(4, 5), then a^j^ = a^p for each t, s G 
{+, — } and A;, / G {1, 2}. Thus (Safa) = VaUa^fa^x) for any a G A and each 
a; G Gq,, where p^ = 'Pi,a ~ Pi,a + ^P2^q! ~ W2,a- Naturally, in the case F = R 
the terms pg vanish. In view of Lemma 7 [17] Ua is the isometry. Since 5* 
preserves norms, then \pa\ = 1 for each a. 

Vice versa Conditions i{l — 3) imply m(4, 5) due to Lemma 7 [17]. 

11. Lemma. Let tj^ he a left translation on £ as in ^10, let also T : S ^ 
T he an isomorphism of normed algehras such that Tf = {T^fa : a G A), 
Tq, : Lq iGcf, ^ai'P) -^ L\j (Ha,Xa,F) and \\Ta\\ < 1 for each a, where 
J= = L'^{L\j^{Ha,Xa,F) : a < P e A). If K^ = TU^T-\ then there exist 
mappings of groups ^ : G ^ H and p : G — > F^ such that 

(1) kc = PcVt for t = ^(c) and 

(2) Pc = {Pc,a '■ \Pc,a\ = 1 Va G A} G F^, where Vd denotes the left 
translation operator on J^ , c E G. 

Proof. We have T{fi<u) = {Tf)i{Tu) for each u, f e £ and T-^{gi<v) = 
{T^^g)i{T^^v) for each v,g E J^. One can take the approximate identity 
{qa,i3 : a G \l//3} as in §8 and consider functions Sa^p = Tf^qa^fj. The operator T 
is bijective and continuous from £ onto J-", where £ and J-" as linear normed 
spaces are complete. According to the Banach theorem IV. 5. 4. 3 [15] (or see 
[1]) the inverse operator T~^ is also bounded. Due to Formulas 8(7,8) there 
exists the adjoint operator (-ft'c-y)* relative to the * multiplication for each 
c E G and 7 G A. For each f,gEj^,'y = (f){/3) and /3 = (f>{a) the limit exists 

{kcjf})*ga = ff}*[{kc^)*ga] = limfp*{sa,f}*[{kc^)*ga]} 

= fi3*{\im{k^^Sa,i3)*ga} = //3*{lim(T^f/c^Tg~^T^g„,^)*5f«} 
= fi3*{\im(TfjUc^qa,^)*ga} and hence 

Uk,Jp)*gJ< 
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limaW fp*i[T/3ijc^qa,l3]*ga)\\ < || //3 || ||^/3 || ll^a || Hllla || [f/c^g„,^]* || < || //3 || ||^a || 

for each f,g & S, since ||T|| < 1. On the other hand, K^-i = {Kc )^^. Thus 
the inequahties \\Kc || < 1 and \\{Kc )^^\\ ^ 1 are satisfied for each 7 G A 
and c ^ G, consequently, Kc is the isometry for each c & G. 

Applying Theorem 10 we get the statement of this lemma. 

12. Lemma. The mappings {G, Tq) 3 c —^ Pc (z {B^, r^) for each f3 and 
{G,Tq) 9 c I— )■ ^{c) G {H^t\j) of Lemma 11 are continuous homomorphisms, 
where B = {x E F : \x\ = 1} is the multiplicative group, the product B^ is 
in the box topology t^, where Tq denotes the box topology on G (see §5 [17]). 

Proof. These mappings are homomorphisms, since 

Pch,^yi.i(c^h^)=TpUc^h-,Tp =TpUc^Tp TpUh^Tp = Pc,7^^^(c^)P/i,7^c^(/i^) 

for each c,h E G, /3 G A with 7 = 0(/3), where C,{c) = {C,a{ca) '■ « G A}, 
C,a '■ Ga — )• Ha for each a G A. The mapping ^ is bijective, since for ,^(c) = 
ch G H, where ch is the neutral element in H, one gets Pcylj^ = TjsUc^Tp^ 
and hence Uc = Pcy^s, where /^ denotes the unit operator on S. Therefore, 
= 60 and hence Pc,7 = 1 for each 7. 

Then the mapping G 3 c ^-^ Uc is continuous from G in the box topology 
Tq and relative to the strong operator topology according to Proposition 10 
[17], consequently, the mapping H 3 t \-^ Vt is also continuous, since T and 
T~^ are bounded linear operators. 

Then for each e = (ea > : a G A) there exists a neighborhood Y = 
riagA ^a of ^H in {H, t\j) such that each Y^ is an (open) neighborhood of 
the neutral element e^ in Ha for which eQ,/2 < Aq,(Fq,) < e^ for each a G 
A, since Aq is the quasi-invariant borelian measure on Ha relative to the 
dense subgroup Hp and hence non-atomic. Moreover, if Z is an arbitrary 
neighborhood of ch in {H,Tfj), then there exists Y such that YY^^ C Z. 
Then the function g = {ga = Xy^ : « G A) belongs to J-", where xa„ denotes 
the characteristic function of a subset Aa in Ha- Suppose that p is a marked 
element in B^. Let t E H he such that 

(1) \\P(sg(s*iK^ga) - gi3*ga\\ < [A/3|y^*AJ(F„), where 

[A/3|y^*AJ(Fa) ■= Xp{dXfi)Xa{0^{Xfi)dXa), 

J Ya J Ya 
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where 6^ : Hp "^ Ha are embeddings (see §1). If t/j ^ Z/j, then S/3F/3 and 
S/jt/jYa are the disjoint subsets in the group i7^ for each element sp in Hp, 
consequently, 

||P/3fi'/3*[V;*fi'J-fi'/3*fi'a|| = sup / \pp[Vsptpgi3\*ga{Xa)-\Vsf,gfi\*ga{Xa)\K{dXc 

= sup / / \ppgp{sptpXp)ga{9^{xp)xa)\\p{dxp)K{dxa) 

s/n&Hfj -J Hfj J Ha 

+ sup / / \gi3{SfiXf3)ga{0^{Xf3)Xa)\Xfi{dXfi)Xa{dXa) > [A/3|y^*AJ(F„). 
sp&Hp JHp J Ha 

Thus Inequality (1) implies that tjj G Z^. Hence the mapping pV^/sCc/a) ^ 
^/^(c/?) = t/3 G iJ/3, with iJ/3 in the topology rg, is continuous for each /3, when 
linear operators pV are considered relative to the strong operator topology, 
since the set of all (/ia-measurable) simple functions is dense in Lq (Go)- 

The mapping cp h-> ^js^Cp) is the composition of three mappings c^ 1— )■ t/c^ 1— )■ 

TaUcpT'^ = Pc,i3V^is{cfs) ^-^ iiii.'^p) = ti3 which are continuous for each /3 G A 
as it was proved above, consequently, the mapping C, '■ {G, Tq) — )■ (iJ, t\j) is 
also continuous. 

The mapping c h-)- pc is continuous, since c 1— )■ pcl is continuous as the 
composition of two uniformly bounded and continuous mappings TUcT^^ 
and i^^(c)- 

13. Lemma. The mapping C, '■ G ^ H is the homeomorphism of {G, Tq) 
onto {H,T^^). 

Proof. If {^lii^xp^h) : &} is a net converging to yp G Hp, where Xp^h G 
G/3, then {V^p^xp^) '■ b} converges to Vy^ in the strong operator topology. 
Therefore, {T^^V^^<^xfn,)Ta '■ b} converges to T^^Vy^^ ^T^. From Lemma 11 we 
have the equality 

hence the net of operators {Pxl^Uxp ,, '■ b} strongly converges to PjstJxp for 
some pp E B and xp G G/?. Thus the equality 

PpTaUxf^T-^ = Vyp 

is fulfilled with y^ = ^jsixis) and Pi3 = p^j^ for each /3 G A. This implies that 
ipiGp) is closed in Hp for each [5 and hence ^(G) is closed in (iJ, r^). 
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The inverse operator T^'^ is bounded (see §11). Then T^^Vy^Ta = {sTa)^^Vy^{sTa 
for each s G F \ {0}. Hence without loss of generahty we can consider that 
< IITqT^II < 1 for each a E A. On the other hand, from the equahty 
'^a^^Vfi'^a = Vx^pUxii with Xjj = ^^^(l//?) aualogously to C, in §12 the continu- 
ity of ^^^ : ^(3(0,3) -> G(s follows. 

Applying Lemmas 11, 12 and the proof in this section above to T~^ : 
T ^ S we get that there exists a continuous bijective homomorphism rj : 
{H,Th) -)■ {G,Tq) such that rj{H) is closed in {G,Tq) and 

(1) Qy = TyUt for t = r]{y) and 

(2) r-y = {r-y^a '■ \'i"y,a\ = 1 Vo; G A} G F^, where Qy = T~^VyT for each 
y E H, r : (G, Tq) — )■ B^ is a continuous homomorphism. The operators Kc 
and Qy are the left meta-centralizers on J-" and £ respectively for each c E G 
and y E H. But from 11(1, 2) it follows that f] = C,~^ and Pr]{y) = ^y^ for each 
y E H, since rj and ^ are bijective homomorphisms. Therefore, Formulas 
(1,2) and 11(1,2) imply that r]{^{G)) = G and hence ^(G) = H. 

14. Theorem. Let T : S ^ T be an isomorphism of normed algebras 
such that Tf = {T^fa : a e A), T^ : L^^(G'a,/ia, F) -^ Ljj^{Ha, \a,F) and 
\\Ta\\ < 1 for each a, where J^ = L'^{L]j{Ha,Xa,F) : a < /3 e A) (see §§ii, 
12). Then a homeomorphism ^ of topological groups exists from (G, Tq) onto 
{H, t\j) and a continuous homomorphism ip : G ^ B^ such that 

(1) TUxT-^ = ^{x'^)V^^x) and 

(2) {Tf)a{i{x)) = ipi3{xi3)fa{xa) for cach X E G, f E S and a E A with 
/3 = (p{a), where tpi^x) = (ipai^a) '■ a E A), ipa '■ Ga — ?■ B, 

TjJxpT-^ = iJi3{x]^^)%f,(xp)- 

Moreover, T is an isometry. 

Proof. We define a homomorphism iIj{x) = p^^, hence iIj{x) = {ipa{xa) = 
p^l^ : a E A} E B^, hence ipa '■ Ga ^ B is a character for each a E 
A. From Lemmas 11-13 Statement (1) of this theorem follows such that 
^ : (G, r^) -> (if, r]^) and ^"^ : (if, r]^) -^ (G, r^) and ^ : G ^ B^ are 
continuous homomorphisms with ^(G) = H. 

If S* : £^ — 7- J-" is an isomorphism of normed algebras such that Sf = 
{Safa ■■ a E A), Sa ■■ ^g^ (G^, /!„, F) -> Lj^^{Ha, K,F) and ||S'a|| < 1 for 
each a such that S satisfies Equality (2): 

{Sf)a{^{x)) = ipi3{xii)fa{xa) for each X E G and f E S, then {S~^g)a{x) = 
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■i/ji3{xi^^)ga{C,a{xa)) for each g E J^ and x E G. Therefore one infers that 

'^l3{Xl3){S^^ga){0aic^)Xa) = ■ip^{Xl3)'ip^{x^^C^^)ga{0ai^p{c^)Ka{Xa)) 
= ■^l3{c^^)9a{0^{^l3{cp))^a{Xa)) = 1pp{c^^){U^^(cp)ga){^a{Xa)) , 

consequently, SaUc^S^^ = ipi3{c^^)U^^(c^) for each c E G, a E A with /3 = 
0(a), where embeddings Hj^ M- Ha also are denoted by 9^ for the notation 
simplicity (see §1). This means that SUcS^^ = TUcT^^ and hence 

\i) i Q, baUcp = '^CfjJ-a ^oi 

for each a E A with /3 = (f){a). In view of Lemmas 11-13 and the conditions 
of this theorem the linear operators T, T~^, S and 5*^^ are continuous. Thus 
the operator 

(4) T-^S =: Y 

is the isomorphism of the algebra S onto itself commuting with all opera- 
tors Uc such that Y and Y~^ are continuous. As in §13 it is sufficient to 
consider the case < \\Ya\\ < 1 for each a E A, since Ucp = Y~^UcpYa = 
{kYa)~^Ucf,{kYa) for every k E F\ {0}, a E A with /3 = 0(a) and c E G. 
Take f,qES and consider the left meta-centralizer A defined by a radonian 
measure z/^ E Mt{Ga,F) such that 

(5) Ua{dXa) = qa{Xa)f^a{dXa) 

for each a E A, that is Af = uif. On the other hand, 

(6) {Af)a{Xa) = / qpiyi3)[Uy^faiXa)]fXl3{dy,3), 

that is relative to the strong operator topology 



(7) A^ = / qp{yp)Uyf^iip{dyp) 

JGfj 

for each a E A with /3 = 0(a), where Af = {Aafa : a G A). In each 
Banach space Lq {G13, fj,i3,F) the space of (/^^-measurable) simple functions 
Yl]=i'^jXZj is dense, where Vj G F is a constant and Zj is a /x^-measurable 



subset in G/? for each j = 1, ..,n, n G N. Therefore, from Formulas (3 — 7) 
it follows that 

YAf = Y{qif) = {YgnVf) = AY f = qi{Yf), 

consequently, Yq = q for each q & S, since f & S is arbitrary. Thus Y = Ig 
and hence T = S, where Ig denotes the unit operator on S. From this 
Formula (2) follows. The last statement follows from Formulas (2) and 3(1). 
15. Remark. The results of this paper can be used for further studies of 
non locally compact group algebras, representations of groups, completions 
and extensions of groups, etc. 

References 

[1] N. Dunford, J.C Schwartz. Linear operators. V. 1-3 (New York: J. Wiley 
and Sons, Inc., 1966). 

[2] W. Banaszczyk. Additive subgroups of topological vector spaces. LNM 
1466 (Berlin: Spinger-Verlag, 1991). 

[3] W. Banaszczyk. On the existence of exotic Banach-Lie groups / / 
Mathem. Annalen 264: 4 (1983), 485-493. 

[4] Ya.I. Belopolskaya, Yu.L. Dalecky. Stochastic equations and differential 
geometry (Dordrecht: Kluwer Acad. Publ., 1989). 

[5] V.I. Bogachev. Measure theory. V. 1, 2 (Berlin: Springer- Verlag, 2007). 

[6] N. Bourbaki. Integration. Vector integration. Haar measure. Convolution 
and representations . Ch. 6-8 (Moscow: Nauka, 1970). 

[7] Yu. L. Dalecky, S.V. Fomin. Measures and Differential Equations in 
Infinite- Dimensional Spaces (Dordrecht: Kluwer Acad. Publ., 1991). 

[8] Yu.L. Dalecky, Ya.L. Shnaiderman. Diffusion and quasi-invariant mea- 
sures on infinite- dimensional Lie groups // Funct. Anal, and its Applic. 
3 (1969), 156-158. 

[9] R. Engelking. General topology (Moscow: Mir, 1986). 

19 



[10] J.M.G. Fell, R.S. Doran. Representations of *- algebras, locally compact 
groups, and Banach *-algebraic bundles (Boston: Acad. Press, 1988). 

[11] F. Fidaleo. Continuity of Borel actions of Polish groups on standard 
measure algebras // Atti Sem. Mat. Fiz. Univ. Modena 48 (2000), 79- 
89. 

[12] E. Hewitt, K.A. Ross. Abstract harmonic analysis. V. 1, 2 (Berlin: 
Springer- Verlag, 1994). 

[13] J.R. Isbell. Uniform spaces // Matliem. Surveys. Amer. Mathem. Soc. 
12 (1964). 

[14] Y. Kawada. On the group ring of a topological group // Matliematica 
Japonicae 1: 1 (1948), 1-5. 

[15] A.N. Kolmogorov, S.V. Fomin. Elements of theory of functions and func- 
tional analysis (Moscow: Nauka, 1989). 

[16] V. Losert. The derivation problem for group algebras // Annals of 
Mathem. 168: 1 (2008), 221-246. 

[17] S.V. Ludkovsky. Operators on a non locally 

compact group algebra/ / Bull. Sciences Mathematiques (Paris). Ser.2, 
DOI: 10.1016/j.bulsci.2012.11.008 

[18] S.V. Ludkovsky. Topological transformation groups of manifolds over 
non- Archimedean fields, representations and quasi-invariant measures, 
III J. of Mathem. Sci. 147: 3 (2008), 6703-6846. 

[19] S.V. Ludkovsky. Topological transformation groups of manifolds over 
non- Archimedean fields, representations and quasi-invariant measures, 
II II J. of Mathem. Sci. 150: 4 (2008), 2123-2223. 

[20] S.V. Ludkovsky. Stochastic processes on geometric loop groups, diffeo- 
morphism groups of connected manifolds, associated unitary representa- 
tions 1 1 J. of Mathem. Sci. 141: 3 (2007), 1331-1384. 

[21] S.V. Ludkovsky. Quasi-invariant measures on a group of diffeomor- 
phisms of an infinite- dimensional real manifold and induced irreducible 



20 



unitary representations / / Rend. dell'Istituto di Matem. dell'Universita 
di Trieste. Nuova Serie. 30 (1999), 101-134. 

[22] S.V. Ludkovsky. Properties of quasi-invariant measures on topological 
groups and associated algebras / / Annales Math. B. Pascal. 6: 1 (1999), 
33-45. 

[23] S.V. Ludkovsky. Semidirect products of loops and groups of diffeomor- 
phisms of real, complex and quaternion manifolds, and their representa- 
tions 11 Focus on Groups Theory Research. Ed.: L.M. Ying (New York: 
Nova Science Pubhshers, Inc.) 59-136 (2006). 

[24] M.A. Naimark. Normed Rings (Moscow: Nauka, 1968). 

[25] L. Narici, E. Beckenstein. Topological vector spaces (New York: Marcel- 
Dekker Inc., 1985). 

[26] V.S. Varadarajan. Measures on topological spaces j j Mat. Sbornik. 55 
(1961), 35-100 (in Russian); English transl.: Amer. Math. Soc. Transl. 
(2) 48 (1965), 161-228. 

[27] J.G. Wendel. Left centralizers and isomorphisms of group algebras / / 
Pacific J. Mathem. 2 (1952), 251-261. 



21 



